
Backgroundy Program.

I n ¥ i m
-

Brouwer's P h i l . o f f l a t h n

1 . M a t h i s a h u m a n activity.
Primarily a b o u t c o m m u n i c a t i o n

o f i d e a s .

2 . H u m a n e s h a r e t h e concept
o f a n algorithm / program /

c o n s t r u c t i o n . . . . e f f e t e
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Emphasis o n c o n d o r s :

a ) r u l e r - and-compass
b) "objects" s u c h M u n s o e ,

functions, s t r u c t u r e s

c ) p re fs a r e c o n s t r u c t i o n s .
-

→ i n t roduced i d e a proof-relevance
× Ey

n i f : X E y

→ A t B ~ , × : A f M : B

£ 5 ' d e n c e .entailment
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P u t f o r w a r d c r i t e r i a f o r e v i d e n c e f o r

t h e t r u t h o f proposition:

A 3 B (implication)
- .

FX : A , B (quantification)
- - e f f e c t i v e

ev idence i s t rans fo rmat ion
o f inputs

t o outputs.
(BEHAVIORAL)

T , A n B C conjunction c)

nu l l (pair o f
ev idence f o r parts.

" W r c o n n i e
"
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± , Av B disimeton }
'

'positve"
F x : A . B e x i s t e n c e .

ev idence character ized by
w h a t f t p .

Cg) A v B t r u e

e i ther e n d e n a
A

o r e v i d e n c e

plus a n
i n d i c a t o r o f which .

eg) F x : A 13 h e

m u s t e x h i b i t
a w i t n e s s .

-
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I n particular 1 a d m i t n o e v i d e n c e .
<

Therefore i t m a k e s t o d e f i n e

^ A I 1 ¥ .
( A i s r e f u t a b l e ) .

eg) t h e r e ex i s ts i r r a t i o n a l a , s

s t a s r a t i o n a l .

c o n s i d e r a : b = o z . i r r a t i o n a l .

i f N i k r a t i o n a l , done,
o n
-

cons ide r a = . S i r h = S a a s = L . F f
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ed i t i s n o t t h e c a s e t h a t every

p a i r m o a t s exponentiate t o

a n i r r a t i o n a l .

a a n i m e t o y b i r r , a ' i r r .

plus i n a , ¥ r " d m .

plus i n s i n 0 2 . #
.

> Ha,b i r r . dirr) I Faisirrabat'
u s - ( 7 A n > B)

'

u s A v B .
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µ theory c o d i f i e s B r o u w e r ' s
-

program. systematizes,
develops.

→ cons t r uc t i ons a r e c l a s s i f i e d

by tipper
→ proofs a r e

c lass i f ied by

propositions = types!

N o d is t inct ion b t w e n t i t i e s a n d

t h e d i s c o u r s e f
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T h e foregoing perspective i s a semant ic

point o f v i e w

° " b u t t o n up"
r grounded i n computation

"computational type theory"

→ connect ion m a t h a n d C s .

v i a computation
→ "proof-relevance"

a = b . v s Op: a
i t 's 5

equation path
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F o r m a l 1 a x i o m a t i c type theory
Define type t h e o r i e s by n e e

t

c f A type f t A = A' type

[ c t m : A s t M E N ' : A

Inherently r . e . - o n e c . incomplete
w r t computational i n t e r p.
→ o f special interest

f o r m a t h

H e a d m i t s m a n y intep's
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O f interest t o C S ' s b c c

a ) foundat ion f o r pl's a s s u c h

[ t h e notation! I

b) foundation f o r building proof
c h e c k e r s

( t h e notation!)

l inguist ic aspect
- strictures

a r e w h a t m a t t e r .
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Fundamen ta l t o o l f o r b o t h

a) computational s e m a n t i c s

b) understanding fo r m a l i s m a

THEORY O F LOG ICAL R E L AT I ONS

a k a
COMPUTABILITY METHOD

TAIT's METHOD.
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4Feb2 l -

Recap:
FTemantic: w h a t do type me a n ?

t y p e s classify c o n s t r u c t i o n s

specify computations

propositions a r e t y p e - classify t h e i r proofe

a l l objects o f study a r e c l a r i f i e d by types

2 . F o r m a l : h o w t o acc-ess t h e t r u t h .

context-sensitive g r amma r
f o r types + t e r m s .

necessarily i n complete (boded),
b u t n o l i m i t

t o h o w comprehensive they c a n b e

t h e s t r i c t u r e s a r e t h e s o u r c e o f expressiveness

e s d a t a a b s t r a c t i o n i n P L ' s .
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To d a y : h o w t o ( r e ) i n v e n t T a i t ' s M e t h o d .

T i ns t ra tes interplay b t w s y n t a x t s e m a n t i c

- i n t roduces LOG I C A L R E L A T I O N S a k a COMPUTABILITY

a k a REDUCIBIL ITY,

sina.is?IIii?FIontext-swine
grammar.
transit ion system

dynamics:
M r s M'

M v a l

Th in I f M : 2 t h e n M t e r m i n a t e s .
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%¥?¥
e ( A , × A z 1 A , → A. I 2 a k a a r t s

M : : = x l I l I I L > I <MyMa> I
M ' 2' C i d , 2 ) I

7A , Cx-Ma) ( a f (Mi, Nz) .

( : : = o l f , X : A c n u i e p's o f X )
(unordered)

ftp.#c~diIfAIIe (logic)

T . A t x . A M # A t m e
'" P

¥ 4 1 . 2
X
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I s ¥ .

← i ÷ ÷ s t e a m .

I F i n i " ' f i n i t e .
{ a i - a , an}

T K M . 2 : A 2

i i i . * i f

I"i÷¥i:::i¥I¥¥¥÷±±
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Dynamics

¥ - 7 E m t F a t e

t h taph-cx.mil/xIMz-
ci=1,2)#IpCM.i,MzT¥ I ¥ i

Dx .

Then I f M : 2 t h e n 1 ¥ .
-
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I f by v i d o n typing. IIFM-Athnmt.NL

m e × f±%fi£¥T
Y, N

V v a l u e s .

< >
V v a l u e s

<M;Mz>
V v a l u e . }

A a , ( x . M)
V w h t -

press

M . I , I t t M t s
* ¥ . C I 4 = 9 7 .

? : A i x A z

M-2 m . e → * < M > M e > - 1
' → Ma ( I I

# (MyMz):
M i : A r t A M - i A z ?

M e t s # R a z a . M ) F F
#

a-pc.my Me)¥*at Gaza-Ml,Mz)
( → [ M a x ? M .

- I
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Need a stronger I H !

I n s i g h t : behavioral specification

T a i t : computability a k a hereditary terminator.

Compa ( M )
a k a HTa CM)

Type-indexed family o f predicates specifying

b e h a v i o r o f t e r m s .

O .HTicm1iffMrsxg-
1.HTzCMliffMt@N-
2.HTA,xArCM)i f f M i →

* <My M , >

i t H TA , (Mi) a n d I t t a - (M e )

3 . HTTA,→ a - (M ) i f f M M A 7A , Cx. M a ) a n d

i f H TA , (Mi ) t h e n HTaz ( [M i l k ]Mz ) .

Feb 2-4 2021 18 of 24



µ t h e I f M : A t h e n H Ta CM) 3 i n ten t

core I f M : 2 t h e n M H # Y I N .

I f
1 ) Y , N : 2 H t t

-

2 ) a s : I ( § µ
i .

? ) AA, ( x . M a ) :
A , → A z closed

b c c X : A , t M a : A z C o p a t e rm ) .
-

N e e d Comp-a,→ A z
( A a i G M ) ) -lstnekf.pe
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Thin I f f t M : A t h e n

| f o r a l l I : # I e d a s s t )

i f H T ¥ then HTa (RCM))

P I R e m i t {f¥¥¥¥÷a→aT
i

Spse H t 1 8 ) .
h i t s : H Ta ,→ A z (Aa. (X-8cm)) ) .

spse HTa, (Mi)
S I T : H t t , ( [ M i 1×38 (Ma ) ) .

Note t h a t [ M .
1×3@(Ma)) = N x t > Mi)"(Ma) a n d

t h a t HTq×#. (8, x # M i ) .
By I ' t

HTaz (K,x↳M)'(Ma)),
a s desired, using t h e

a b o v e equation.
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't.in#..::i:::a'-
spseHT , ( 8 ) .

where 8 : T .

I t t i HTa,→ a ( 8¥ ) ,
H TA , ( F a z ) ) . .
e t

T S : H ta (=p(ECM),
8 c m ) ) )

=

By I H , i
- T C H - * In,z(x. M l ) V.

I H z : H t s , ((8911×3 M ) . .
-

#

#
(8cm? 8044) ↳

A
ep (Aa ,

Cx-M), 8 a m )

' # r ) ( I CMzl K ) M . # *
-

c l o s u r e u n d e r " r e v e r s e e x e c u t i o n ' ' s u f f i c e s . Fy
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Lev ina (closure u n d e r r e v e r s e execution)

I f HTA ( M ) a n d M ' s M , t h e n
#

HTACY').
-

P I why tune?
i n d o n A .

I d e a : e a c h H t t ( M ) i s d e f ' d

a ) a r t i s t y

b ) something a b o u t v
.} behavioral

XD {REUESONDETErmiNACY.L
Y
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E I
1 . eager/bv e v a l u a t i o n .

2 . cons ide r adding 0 = v o i d = L

- A r t A z =
A r v Az}

r e - d o proof
-

k e y, compa C - ) .
a k a H TAC-D)behavioral

dynamic.
I d e n A - .

←
i

2 ) i n d i n g . } f o r m a l Igntetic
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